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Three-Dimensional Perturbations on Hypersonic Wedge Flow

Norman D. MaLmuTe*
North American Aviation, Inc., Los Angeles, Calif.

The hypersonic inviscid flow over a configuration representing a small perturbation about a
two-dimensional wedge is analyzed. Equations and boundary conditions are obtained for a
class of general perturbations within the framework of hypersonic small disturbance theory.
A specialization of this formulation is made to the case where the resultant perturbation con-
sists of two semi-infinite flat plates of slightly different incidence to the freestream. The flow
over such a shape is divided into an outlying uniform region and a central conefield. The de-
termination of the conefield gives rise to an elliptic boundary-value problem, which is solved
with the aid of the Tschaplygin transformation and other conformal mappings. Calculations
are presented using a Fourier series solution for the perturbation pressure which yields the
surface loads associated with the perturbation as well as the shock distortion function. Inte-
gral representations are obtained for the downwash and sidewash perturbations from the pres-
sure solution. The results are compared qualitatively. with an analogous linear supersonie
flow. Finally, a solution for more general profiles is obtained under the further restriction

that the specific heat ratio v is close to one.
considered previously.

Nomenclature

Fourier coefficient

body function

ndn

2B, cosh2noy

convective operator of basic flow

conical shock distortion function

hypersonic similarity parameter

elliptic operator

Mach number

pressure

shock function

freestream velocity

conical reduced variable = z/cx

[v(y — 1)/2]V2 = perturbation sound speed

body distortion function

shock distortion function

unit vectors along %, 7, Z axes, respectively

normalized pressure

resultant velocity vector

velocity perturbations in %, #, Z directions, respec-
tively (backwash, downwash, sidewash)

Cartesian axes

distorted Cartesian axes, in HSDT (hypersonic small

~ disturbance theory) limit

distorted Cartesian axes in Newtonian approximation

cotangent of Mach angle

specific heat ratio

dimensionless wedge thickness ratio

wedge perturbation parameter

complex variable

wave angle associated with basic wedge

(v — 1)/(v + 1), limiting density ratio parameter

Mach angle, ordinate

complex varable

density

abscissa :

stream function of undisturbed flow

dummy variable )

y/cx = reduced conical variable
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This solution is specialized to the configuration

I. Introduction

ITTLE theoretical information is available at present to
guide the aeronautical engineer in the analysis and design
of hypersonic control surfaces. In this connection, a funda-
mental problem, which occurs frequently in technical applica-
tions, is the mutual interaction of adjacent lifting panels of
slightly differing incidence to the freestream. Problems of
this type and a number of others, such as those associated
with aeroelastic distortions and boundary-layer induced inter-
actions with an inviscid field, may be conceived as involving
small perturbations about some basic flow.

To gain qualitative insight into the nature of the nonlinear
phenomena associated with such perturbations, a number of
investigations have been made recently involving wedge flow
as the basic field.. Within the framework of hypersonic small
disturbance theory as given by Van Dyke and as described in
Refs. 1-3, Guiraud* has analyzed a class of two-dimensional
wedge perturbations. Holt and Yim$ generalize the problem
by using the exact equations for two special types of three-
dimensional distortions.. Analysis of both investigations in-
dicates that the essential simplification resulting from the as-
sumption on the body shape is a linearization of the flow.
This conclusion follows from the reasoning that, if § is the wedge
angle and M  is the freestreamn Mach number, a perturbation
having a characteristic height of O(8¢) as ¢, § =0 givesrise to a
local supersonic field characterized by the Van Dyke hyper-
sonic-supersonic similarity parameter, Mde = O(e) and M, =
0(1/8), where M, is the Mach number behind the wedge bow
shock. Consequently, a requirement of linear supersonic
flow is met in some neighborhood of the perturbation. How-
ever, since the bow shock is strong, the wave system that
emanates from the perturbed body produces shock distortions
which induce entropy and vorticity variations in the flow.and
make it rotational. Because of these effects, the flow struc-
ture can be anticipated to differ significantly from the usual
model given by linearized theory.

The present work will obtain more information on the
nature of these vortical phenomena, specifically, as they arise
in certain technically important conefields, particularly those
associated with the differentially deflected panel configura-
tion just mentioned and treated superficially in Ref. 5. A
brief description will also be given of the calculation of the
field associated with more general perturbations under the
further restrictive assumption that -, the specific heat ratio
of the flow, is near unity. ,
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Fig. 1 Geometry of problem.

II. Basic Equations

With regard to the conefield problem mentioned in the In-
troduction, the differential flap configuration shown in Fig. 1
will be analyzed. According to the axis convention shown, the
equation of the body surface is given by

Il
=)

1)
where

sgnz = 1, x>0 sgnz = —1, z <0

and that of the shock very nearly by
S(x§2) =7 — 0[0% + eg(2,2/6)] = 0 (2
in the Iimit,
H=1/M?*—0 as 8,]0 independentlyt (3)

TFor (8), the flow about the basic wedge described by the first
two terms in Eq. (1) corresponds to that of Van Dyke’s hyper-
sonic small disturbance theory. The function g appearing in
Eq. (2) obviously represents the perturbation of the basic
planar shock of wave angle, 4 arising from the wedge distor-
tion. Therole of 8, as it appears in the second argument of the
shock perturbation function g, is to preserve similarity in the
HSDT limit, Eq. (3). In this limit, the asymptotic repre-
sentations cf the velocity vector q, pressure P, and density p
are

q(iagyé; M,B,é)/U = i[]- + 0(62)] +
jofve + ev(z,y,2; H)] + kéew + . .. (4a)

P — P./pU% = 8ol + ep) + . .. (4b)
p/pe = ool + €a) + . .. (4¢)
where
r =7z y = 7/8 z=%/8§ (5)
and the undistorted wedge quantities are denoted by sub-
seript 0.
The exact equations for the gas motion are
Continuity '
Vopg =0 (6a)
Momentum
qQ-vq = —=VP/p (6b)
Entropy
q-VP/p* =0 (6¢)

t The present analysis can be easily extended to the more
general limit, H fixed as 8, ¢ § 0, independently. The limit, (3),
was selected for convenience.
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where
= i0/0z + jOo/07 + kd/0%

Substitution of the expansions (4) into the equations of
motion (6), gives rise to the following equations for the per-
turbation quantities:

Du = —(po/oo)p- (7a)
Dv = —(po/o0)py (7b)
Dw = —(po/oo)p. (7¢)
Dip — vo) =0 (7d)
.+ v, + 0.0, +w, =0 (7e)
where
D= a/bx + z‘oa/by (7f)

By application of the hypersonic limit, (8) to two-dimen-
sional wedge flow, the following results for the zero-order
quantities are obtained:

v = 1 (8a)
o = (v +1)/2 (8h)
g = (y+LD/(v—1 (8c)
= "(v+1)/2 (8d)

Substitution of Egs. (2, 4, and 8) into the basic conservation
laws that hold at the shock gives the following relations:

ps = pla,(v + 1)/2,2) = 2us (9a)
vs = 2¢./(v + 1) (9b)
Wws = —g; 9¢)

Here, one of the dominantly simplifying features of the as-
sumption of small perturbations becomes apparent. Since the
distorted shock is close to its undistorted counterpart, it is
possible to linearize and satisfy the boundary conditions on
the undisturbed surface.

The typical inviscid boundary condition at the body simi-
larly applied yields

vs = v(x,0,2) = sgnz (10)
For the more general case where
B =g —6[z+ ¢f(z2/8)] =0 (11)
Eq. (10) changes to
vs = f: (12)

In all other respects, the flow model remains unchanged, i.e.,
Eqs. (7, 8, and 9) are unaltered for the configuration de-
seribed by (11). Since no major conceptual differences in basic
flow structure are anticipated in going from configuration (1)
to (11), the discussion for v = 1 will be hereinafter limited to
a consideration of (1) only.

I11. Solution for Perturbations

Rewriting Eqs. (7), using the zeroth-order solution, (8), and
Von Mises variables, where ¢, = 1 and ¢, = —1, ¢ being
the stream funection corresponding to the basic wedge flow,
gives

p/Y + oy +w, =0 (13a)

ve + (v~ Dpy2 =0 (13b)

w, + (v — Dp/2 =0 (13¢)

vy = v(x,0.z) = sguz (14a)

ps = 2vy = pl,(y — D2/2,2] = 4¢./(y + 1) (14b)
wy = —¢, (14¢)
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The backwash, «, can be ignored at this point as being un-
coupled from the problem described by Eqs. (13) and (14).
This quantity can be determined later from an integration of
Eq. (7a) or conservation of stagnation enthalpy. The density
perturbation, ¢, has also been eliminated by a substitution of
(7d) into (7a).

Cross differentiation, and some manipulation between Eqs.
(13), yields the following wave equation for p:

2p:/Y(y — 1) — pyy — =0 (15)

This, incidentally, is identical to the equation for pressure ob-
tained by ordinary linearized supersonic wing theory and
bears out the heuristic considerations of the Introduction.

In (15), the quantity ¢ = [y(y — 1)/2]"2 can be shown to be
the speed at which perturbation pressure waves travel in
(¢,2) planes. In this model, this quantity, like all other con-
vective characteristics, is determined from the basic flow.
From the Introduction, it is seen that

y(y — 1)/2 = 1/M,26? = H, = ¢? (16)

Determination of the Pressure

Since there is no characteristic length in the problem, the
formulation given in Egs. (13) and (14) exhibits conical
similarity; hence, p, v, and w are functions of ¥ and Z only,
where

V=vy/x Z=z/cx 17)
In addition, the shock is a ruled surface, i e.,
g = 2G(Z) (18)

With the assumption of conical similarity, the problem de-
seribed by (13) and (14) takes on the following appearance:

1/B(¥py + Zpy) —ve —wz =0 (19a)
pu/B — Yvy — Zvz; =0 (19b)

pz/B — Ywy — Zwz = 0 (19¢)

ps = 2vs = p(1/B,Z) = 4(G — ZG")/(v + 1) (20a)
s = —G'/c (20b)

veg = 0v(0,2) = sgnZ (20c)

B= [2y/(y — DI (1)

Also, the wave equation transforms into
Lipl = {(¥? — 1)02/0¥? + 2¥Z0%/0WdZ +
(7 — 1)0%/02% 4+ 2V /0¥ 4 2Z0/0Z} p = 0 (22)

Equation (22) changes type across the unit circle, ¥2 + 72 =
1, being elliptic in the region ¥? + Z2 < 1 and hyperbolic for

W2 + Z%> 1. The constant state solution
v = p/2 = sgnz (23a)
w=0 (23b)
0 = (v+ D sgnz/?.. (23¢)

is found to solve the hyperbolic domain.

In order to properly pose a mixed type Poincare boundary-
value problem for the elliptic region, i.e., inside MPQTM in
Fig. 2, the values of pg must be obtained on the linearized
shock, PQ, and on the linearized body, MT, in the figure.
Under suitable assumptions on the behavior of », Eqgs. (19a)
and (20a) give

pelv=0=0 (24)
For the value of py at the shock, an application of the
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boundary conditions to Eqgs. (19) yields the following system
for pyle=ws = pels and vyls:

—(y — Dpels/2v + vels = [1 — 422/v(y + 1)c2])eG”
(25a)

Puls — vels = 42°G"/(y — D(v + 1)  (25b)
The solution of (25) gives

pals = [8v/v — 117201 — 22y — DZ2/(y + DIG"/(y + 1)

(26)

Hence,
[4Zpe/(v + 1) + (a + bZ%)psls = 0 (27)

where
a = [8y/(v = DIV (v + 1) (28a)
b = —4@2y — D2y/(v — DIY?/(y + 1)* (28h)

A symmetrical formulation is obtained if p is considered even
in ¥. Then, condition (24) is automatically satisfied.
Accordingly, the final form of the boundary-value problem is
as indicated in Fig. 2.

By use of the Tschaplygin transformation discussed in Refs.
7 and 8, in combination with a bilinear-logarithmic mapping,
the operator L given in Eq. (22) is reduced to the Laplacian
A, and the segment-shaped elliptic domain SPQRS in Fig. 2
is simplified to one which has rectangular boundaries. This
composite mapping can be shown to have the form

¥ = tanho (29a)
Z

sinu secho (29Db)

Accordingly, the boundary-value problem on p shown in Fig. 2
takes on the appearance shown in Fig. 3 under the transforma-
tion, Egs. (29). The shaded regions are correspondences of
each other under (29), and the oblique derivative condition on
p at the shock, Eq. (27), has been transformed into

{pe — [v/2(y — DI (ctnp)pu}s = 0 (30)

If it is assumed as a working hypothesis that the solution
for p is regular and unique to the boundary-value problem as-
sociated with the region SPQRS, the following solution can be
tailored to the boundary conditions:

du

p=" > A, cosh2no sin2np (31)
n=1

Substitution of Eq. (31) into (30), with some trigonometric

(a+bZ )P. |

¥+ wl G)

I sl (V)

z
!
2,52
= |w? 06210l + 2wzl iowez+128-18% 072
+2wajow+ 2Z8l9Z]p= 0

a = [srir-n) '
b = -a2y-n (2710 -0 200

Hy+1)

2

Fig. 2 Boundary-value problem for p in elliptic region.
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Fig. 3 Equivalent potential problem.

manipulation, yields the following two term recursion rela-
tion for the 4.:

_ (B/2) cosh2(n — 1)ap + sinh2(n — Day

—Bu/Bo-s = (B/2) cosh2na, — sinh2no, (82)
where
B.=nA. (33)
B = (B/2) cos}?ZBa/:r-— sinhZa, (34)
oo == —tanh!1/B (35)
The solution of (32) is obviously
B _ & B
Bia Zg B

From a study of the asymptotic properties of the coefficients
B, the convergence of the series solution (31) can be deduced;
ie., it can be shown, as n — «, that

—B./Buy = [(B/2 — 1)/(B/2 + 1)]e 2!

For the series

S=3 C
=1
where
C. = 2B, cosh2ng, = B,e?'® a5 n— o
then
Co| ‘1 - B’/}Jex 20| — |oo) =7 = ’1 — B/Z‘
Coal 114 Bj2 OPL T IR =0T T B

That is, S is asymptotically a geometric series having its com-
mon ratio = r. A necessary condition for absolute conver-
gence of the series is that

lim [C./Coa]| =7 <1

n—>w .
that is,
|B/2 — 1] < |B/2 + 1

which is seen to hold in this case for all y. Hence, the S series
is absolutely convergent so that the series in (31) has the same
property by the comparison test. Thus, the previous assump-
tion of the regularity of p is verified.

Figures 4a and 4b show the results of calculations made of
the surface pressure distribution using the IBM 7090 com-
puter. In addition, the first 10 An’s are listed in Table 1.
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Calculation of the Shock Distortion Function G

By substitution of the solution for p in the boundary condi-
tion, Eq. (20a), a first-order ordinary differential equation for
@, is obtained. The solution of this equation is
oy +1 fZ ps(w)dw

4 Jo(Grnszyns @

o — vty + DI =

where
ps(Z) = p(Z,1/B)

Results of numerieal calculations for G' are shown in Fig. 4¢
for v = Z. The figure shows that the shock is fairly planar
over most of the interaction region, with a large curvature
at the region’s extremities in order to achieve transition with
the outlying plane sections. A subsequent discussion of an

Lp—ﬂ
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Fig. 4a Effect of specific heat ratio on surface pressures.
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Fig. 4¢ Shock distortion function for v = £.
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analysis of the profile given by Eq. (1) for the limit v — 1
will show that this transition region shrinks to a point, i.e.,
the shock surface consists of three planes, and the sidewash
will exhibit discontinuities along the lines of intersection of
these planes.

Evaluation of the Velocities

To obtain the remaining portion of the solution involving
the velocities » and w, the conical system, Eq. (19), is re-
written, using the polar coordinates

¥ = R sind (36a)
Z = R cosf (36b)

as independent variables. Accordingly,

R op < 0_+cosﬁb>

B R R o0
<cosﬁa%€—§;€j%>u=0 (37a)
1{:ﬁ }3<sm0—+c—‘;§9§0> %’ (37h)

By integration along a ray 8 = const from the point (R,6)
to the boundary point [Rz(6),6], it is possible to obtain from
Eqgs. (37b) and (37¢) the solutions

o(k0) = o) + [PV ay (a0
wd) = wknd) + [P0 ap s

If the quantities

tanfy, = {(y — 1)/(y + D2

vp = U(RB,Q)

0B <6 <7/2)
wp = w(Rg,0)

are defined, then Table 2 gives the appropriate values of Bz
and vp, g corresponding to the indicated ranges of 6 (cf.
Fig. 5).

The forementioned values, when substituted into Egs.
(38a) and (38b), give solutions corresponding to the indicated
regions. The complexity of the integrands has thus far pre-
vented further reduction of these formulas.

From a study of the solution for p as B — 0, it may be con-
cluded that v and w exhibit the following singular behavior in
the vicinity of the origin:

fn(6) s B0 (39a)
w = InR (39b)

v

Table 1 Fourier coefficients for pressure

A, = 0.63661978

A, = —0.48970751 X 107!
A; = 0.26573275 X 1072
4, = —0.13263367 X 1073
As = 0.67400558 X 1075
Ay = —0.35331404 X 10—
A = 0.19011805 X 1077
As = —0.10439105 X 1078
Ay = 0.58224602 X 10-10
4, = —0.32880426 X 101
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VELOCITIES

Bﬁ’ A

w=Rsin 8
Z=Rcos 6

Fig. 5 Regions for velocity calculation.

1IV. Comparison with Linear Supersonic Flow

If an analogous configuration in linear supersonic flow is
considered relative to the hypersonic field previously dis-
cussed, it is seen that the governing equations are similar, the
basic assumption that the streamlines are very nearly parallel
to the z axis holds, and the similarity parameter in both flow
regimes is small.

The significant differences between the two cases result
from three conditions. First, in the linear supersonic flow the
velocity perturbation in the freestream direction is of the
same order as those in the cross-flow direction, whereas in the
hypersonic regime it is of a higher order. Second, the vortical
effects arising from the perturbation of the supersonic shock
are only of the order of 6% and can be ignored, whereas the
hypersonie shock is so strong that these effects must be taken
into consideration. Mathematically, this means that the
linear problem involves piecewise constant boundary condi-
tions, whereas, in the hypersonic case, the dependent variables
are funetions of an unknown shock distortion function along
the boundaries which has to be determined as part of the
solution. Finally, because the vorticity in the linear case is of
0(8%), the velocity vector is solenoidal in the first approxima-
tion, and a velocity potential function can be introduced as a
dependent variable, a simplification that is not possible in the
hypersonic case.

By applying the procedures given in Ref. 8, it is possible to
obtain a solution to the linear problem using function-
theoretic methods. From this solution, it is seen that the
velocities exhibit a singular character similar to that shown
in the previous hypersonic flow problem. However, the
hypersonic pressure distribution, when suitable normaliza-
tions and adjustments of levels are applied, undercuts its
linearized counterpart.

V. A Newtonian Perturbation Approximation

A certain degree of simplification is p0551b1e in the foregoing
perturbation problem if the limit

e/\ 10 (40a)
A= —-D/y+ 1D (40b)

is applied over and above (3). Because of this simplification,
the previous considerations can now be generalized to bodies
of the form given by (11). If regions that scale as the Mach
angle and are inside the shock layer are considered, then for

Table 2 Cross flow velocities at boundaries

¢ Range Rg vp wWp
0<e<b, 1 1 0

o< 8<m—86 (1/B)scs ipsctnd —[v(v—1)/2]V*G'(ctnd)
T—0<0<m 1 —1 0
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Fig. 6 Differential flap solution.

(41) the flow properties have the following asymptotic
representations:

plaz v) = pra* Pt + .. (41a)
vz y) = oY) + .. (41b)
wlz, bz y) = NVwpr@Eyret) 4+ ... (4le)
glzz;y) = g*@@*2® + ... (41d)
flez) = f*@*z") (41e)
where
¥ =, P = N7, 2* = NTVU% (42)

Substitution of (41) and (42) into (13) and (14) gives the
following problem for the starred quantities:

¥y + w¥s = 0 (43a)

P+ vt = 0 (43b)

w¥s = 0 (43c)

v = v(z,0,2) = v*@@*0,2%) = ¥« (44a)
prs = p*(a*ate®) = Wrs = 2g%.. (44b)
w¥s = —g¥ (44c)

The solution of the foregoing equations discussed in Ref. 6 will
not be given here since the procedure is relatively straight-
forward. By this procedure it is found that

v = fa(x2) — ge(¥,2) ~ fu(¥,2) (45a)
w = —g.(¢,2) (45b)
= 293(“:)2) + (ZU - w)f::::(xyz) (450)

29 = f:_xf,(x — 2z + 2)d: +
[T+ 2 — a0 @)
where the star notation has been dropped. In particular, the
pressure on the body surface is given by
pe = p,02) = 2fsa(m2) +

z be} o
fz_x Sm s p e et t

etz Po}
L * m f,(.l‘ + 2 — £2)dz (46)

Upon specialization of Egs. (45) and (46) to the differential
flap configuration considered in the previous sections, that is,
if

f = xsgne (46a)
g = xG(Z) (46b)

and
v=y/x 7 =z/x 47
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the following solution is obtained:

2G = (Z + 1) sgn(Z + 1) —
(Z — 1) sgn(Z — 1) (48a)

p = sgn(Z + 1) +sgn(Z — 1) (48b)
—u = 2 = sgn(Z + ¥) + sgn(Z — ) (48c)
2w = sgn(Z — ¥) — sgn(Z + ) (48d)

c=p—2 = sgn(Z+ 1) +sgn(Z — 1) —
sgn(Z + W) — sgn(Z — ¥) (48e)

Figure 6 shows a schematic representation of the flow field.
Here, the line PQ is the trace of the shock surface, the lines
PM and QT are the traces of the degenerate Mach cone, and
NP and NQ are slip surfaces. The implication with respect
to these traces is that they may be imagined as the projection
of the pertinent boundaries in the plane z = 1. The flow
quantities take on the indicated values in the regions shown in
the figure according to the foregoing formulas.

As has been suggested previously, the shock shape in the
degenerate three-dimensional region ¥2,7% < 11is

G=12Z (49)

It is evident that a sidewash discontinuity exists at the points
of attachment to the outlying section @ and P, for which
G = sgnZ.

The trend to the shape given by Eq. (49) is already ap-
parent in Fig. 4¢c for v = 1.4. However, in contrast to the
case for which v = 1, the Newtonian flow field contains slip
surfaces trailing from the shock wave. These vortex sheets
result from the discontinuity in the shock slopes g.. at points
Pand Q.

The Mach surfaces PM and QT (Fig. 6) play the role of
secondary waves that arise as a result of the primary interac-
tion of the central shock and its outlying sections. These
secondary waves are required to make the slip surfaces NP
and NQ identical with stream surfaces. The high background
density and momentum of the basic wedge flow as v — 1 im-
pedes this mechanism, resulting in pressure jumps across the
Mach waves without corresponding velocity discontinuities
to this order. As a result, the particle paths appear to pass
through the slip surfaces exhibiting kinks unsupported by
corresponding pressure jumps. From another viewpoint, the
slip surfaces of the first-order flow are stream surfaces of the
zeroth-order basic wedge flow and, as such, do not contain
the first-order streamlines.

Despite the plausibility of the foregoing arguments and the
fact that the solution (48) is entirely consistent within the
accuracy of the approximations employed, with the momen-
tum conservation laws across discontinuity surfaces, the
singular nature of the flow field raises some doubts about the
validity of the specialization of the general formulas (45) to
the special shape (46a). In particular, the effect of these
singularities is to produce nonuniformities in the representa-
tions of the dependent variables about the undisturbed
boundaries. These representations, it is recalled, were used
in the formulation of the boundary conditions. To what ap-
proximation, if any, (48) is a solution to the more accurate
functional equations that result when the boundary linear-
izations are discarded, is a matter for future research.

VI. Conclusions

Various perturbations on hypersonic wedge flow have been
analyzed within the framework of hypersonic small disturb-
ance theory. In particular, the conical field over a differential
flap configuration has been determined. More general dis-
tortions are treated under the assumption that -y, the specific
heat ratio, is near unity. The surface pressure distributions
obtained in this analysis for a hypersonic wing with the dif-
ferential flap configuration indicate that, generally, the rolling
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moment is reduced by the three-dimensional interactions from
what it would be if the field were purely two-dimensional.

Further work has been initiated to extend the considera-
tions to perturbations on cones. Because of the increase in
complexity of the HSDT equations, it would seem that the
Newtonian approximation should be applied at the outset for
this case.
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Laminar, Transitional, and Turbulent Heat Transfer after a

Sharp Convex Corner

Victor Zakkay,* Kaoru Tosa,t anp Ta-Jiv Kuoi
Polytechnic Institute of Brooklyn, Freeport, N. Y.

A flow model has been previously developed for treating the boundary-layer characteristics
downstream of a surface discontinuity. The flow field in the neighborhood of the discon-
tinuity or a sharp corner is divided into three regions: the flow upstream of the discontinuity
which is obtained by standard techniques, that immediately downstream which is obtained
by expanding both the supersonic and subsonic flow fields upstream of the discontinuity in-
viscidly around the corner, and that downstream of the discontinuity. The flow in the last
region is represented by a viscous nonsimilar sublayer that starts at the discontinuity and
by a viscous shear layer that has the profiles immediately downstream of the discontinuity as
initial conditions. Based upon this flow model, analysis has been developed using the inner
and outer expansion techniques. It is the purpose of this report to improve on the treatment
of the laminar analysis and to extend the technique of application of this model to include

turbulent and transitional flow downstream of the corner. Finally, the results are com-
pared with some of the experimental data available in the literature. Itisindicated that good

agreement was obtained.

Nomenclature
[4 = const = pu
, = constant defined in Eq. (3a)
D = constant defined in Eq. (9)
Fo(n), fuel=),
Suz 1),
Sil) functions of 7 (see Ref. 2)

functions of » (see Ref. 2)

goln)s gi(n)
h enthalpy

H = total enthalpy

M = Mach number

Nu = Nusselt number

P = pressure

Pr = Prandtl number

q = amount of heat transferred at the wall per unit
time and unit area

Re, = Reynolds number defined by ps( He;)Y2Ro/ pse

R, = reference length
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u, U

v

velocity components z direction

velocity component in y direetion

Cartesian coordinates

thickness of shear layer (or boundary layer)

momentum thickness

coeflicient of heat conduction

coefficient of viscosity

coefficient of kinematic viscosity

density

measure of vorticity gradient defined in Eq. (3)

variable defined in Eq. (3)

measure of curvature of enthalpy profile defined in
Eq. (3)

stream function

measure of vorticity defined in Eq. (3)

measure of slope ine nthalpy profile definedin Eq. (3)
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ubscripts
condition external to shear layer

stagnation condition after normal shock
reference state

et
se
*
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Introduction

IN many practical problems in hypersonic flight, bodies
having surface discontinuities or regions with rapid vari-
ation of curvature are used. Typical bodies of such type are,
for example, cone-cylinder combinations.

A sublayer model for the boundary-layer characteristics
downstream of the corner was first introduced by Sternberg.!



